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Family of subspaces with bases of countable order
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The families of subspaces of spaces are considered, more precisely families
that have bases of countable order. The results obtained for a spaces with such
families are applied in selection theorems.

Namely the following notions are considered:
A base B of a space 𝑋 is called a base of a countable order if for any infinite

perfectly decreasing sequence {𝑈𝑛 ∈ B : 𝑛 ∈ N} and a point 𝑥 ∈ ∩{𝑈𝑛 : 𝑛 ∈ N}
the sequence {𝑈𝑛 : 𝑛 ∈ N} is a base for 𝑋 at the point 𝑥.

A sieve-base on a space 𝑋 is an 𝐴-sieve (𝛾, 𝜋) = ({𝛾𝑛 = {𝑈𝛼 : 𝛼 ∈ 𝐴𝑛} : 𝑛 ∈
N}, {𝜋𝑛 : 𝐴𝑛+1 → 𝐴𝑛 : 𝑛 ∈ N}) of the space 𝑋 with the following property:

(𝐵𝐶𝑂) For any 𝑐-sequence 𝛼 = {𝛼𝑛 ∈ 𝐴𝑛 : 𝑛 ∈ N} and any point 𝑥 ∈ ∩{𝑈𝛼𝑛
:

𝑛 ∈ N}, the sequence {𝑈𝛼𝑛
; 𝑛 ∈ N} is a base for 𝑋 at the point 𝑥.

A space 𝑋 has a sieve-base if and only if the space 𝑋 has a base of countable
order (see [1]).

A family A of subsets of the space 𝑋 is called a family of subspaces with
(complete) base of countable order if A is a family of (complete) 𝐴(Ω)-subspaces
of the space 𝑋 .

Theorem 1. Let A be a family of 𝐴(¶)-subspaces of a regular space 𝑋 . The
following assertions are equivalent:

(1) A is a family of subspaces with a complete base of countable order.

(2) There exist a regular space 𝑍 , a continuous pseudometric 𝑑 on 𝑍 and an
open continuous mapping 𝑓 : 𝑍 −→ 𝑋 of the space 𝑍 onto the space 𝑋

such that the family A 𝑓 is complete metrizable by the pseudometric 𝑑.

(3) There exist a regular space 𝑍 and an open continuous mapping 𝑓 : 𝑍 −→ 𝑋

of the space 𝑍 onto the space 𝑋 such that A 𝑓 is a family of subspaces with
a complete base of countable order.

Theorem 2. Let A be a family of subspaces with a complete base of countable
order of the space 𝑌 , 𝜃 : 𝑋 −→ 𝑌 be a lower semicontinuous mapping of a
paracompact space 𝑋 into a space 𝑌 and 𝜃 (𝑥) ∈ A for each 𝑥 ∈ 𝑋 . Then:
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(1) There exists an upper semicontinuous mapping 𝜓 : 𝑋 −→ 𝑌 such that
𝜓(𝑥) ⊆ 𝜃 (𝑥) and 𝜓(𝑥) is a subspace with property ¶ for each 𝑥 ∈ 𝑋 .

(2) If 𝑑𝑖𝑚𝑋 = 0, then there exists a continuous single-valued mapping 𝑔 :
𝑋 −→ 𝑌 such that 𝑔(𝑥) ∈ 𝜃 (𝑥) for each 𝑥 ∈ 𝑋 .
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